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Abstract - Spectral efﬁciency presents the ultimate limit on the
data rate per unit bandwidthof a certain communication system.
For the DS-CDMA systems spectral efﬁciency has been derived
for optimal and linear multiuser receivers in case of synchronous
reception, fading and non-fading environment as well as single
and multi-cell cellular networks. The most pervasive model em-
ployed in all these analyses is the large system random signature
model. For the decision feedback receivers the previous research
handled only the non-fading case while the case of fading chan-
nels remained unknown. The present paper analyses the spec-
tral efﬁciency of the decision feedback receiver in fading channel
with and without power ordering. Results show that in the case
of power ordering before cancellation the multiuser diversity ef-
fect previously encountered in [11] occurs. Multiuser diversity
is the effect where the spectral efﬁciency of a certain multiple-
access system improves in fading channels due to the multiplicity
of users that share the system and provide the necessary power
diversity. Also, analyzed in this paper is the case of imperfectly
estimated channel gains in fading environments or the case of
imperfect power control. The spectral efﬁciency loss incurred by
this estimation error is analyzed in case of conventional decision
feedback receiver.
I. INTRODUCTION
Two important results [1], [2] published in March 1999 in
the Transactions on Information Theory stirred considerable
interest in analyzing the performances of various receivers for
large multiple-access DS-CDMA systems. Both results deal
with random sequences where the number of users and pro-
cessing gain increase to inﬁnity while maintaining their ra-
tio ﬁxed. These assumptions, although theoretical in nature,
provide insight into the operation of receivers for practical
CDMA systems where the numberof users is ﬁnite and signa-
ture sequences are pseudorandomly chosen. Using novel re-
sults from random matrix theory [3], the asymptotic approach
in analyzing the performances of large system multiuser re-
ceivers is capable of producing analytically tractable and eas-
ily comparable results. Namely, in [1] asymptotic spectral
efﬁciencies of linear and optimum receivers for synchronous
CDMA systems with equal powers of users were derived. The
spectral efﬁciencies of linear multiuser receivers were previ-
ously analyzed through simulations for ﬁnite systems in [4].
Extendingthe results of [1], [5] analyzes the fundamentallim-
its on decision feedback linear receivers for large system syn-
chronous CDMA with equal received powers and equal rates
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of all users. For the case of optimal (MMSE) decision feed-
backreceiverandsynchronousCDMAit wasshownin[6]that
its capacity region (and therefore the spectral efﬁciency)coin-
cides with that of the optimal maximum likelihood receiver.
In [7] the spectral efﬁciency of randomly spread DS-CDMA
multi-cell systems were analyzed.
Wireless systems are usually operating in environments
with strong fading [8] and it is very important to extend the
previous results for these situations. In [2] linear multiuser
receivers for synchronousCDMA systems in ﬂat fading chan-
nels were analyzed and very useful notions of effective band-
width and effective interference were introduced. These re-
sults werelater expandedforasynchronousCDMA [9]andfor
multipath channels with imperfect channel state information
(CSI) [10]. Following the other course of research, spectral
efﬁciency results of [1] were extended for ﬂat fading chan-
nels in [11] which also covers the issues of power control
and multi-antenna systems. Other relevant results on DS-
CDMA systems from information-theory viewpoint can be
found in [12], [13].
This paper analyzes previously overlooked topics of spec-
tral efﬁciency of the commonly used conventional decision
feedback receiver - CDFR (sometimes called successive inter-
ference canceler) with and without perfect CSI in ﬂat fading
channels. The outline of the paper is as follows. Section II
covers the issues on conventional decision feedback receivers
with perfect CSI and the issues of power control. The spectral
efﬁciency of conventionaldecision feedbackreceiverwith im-
perfect CSI is analyzed in Section III and the conclusions are
given in Section IV.
A. Mathematical Preliminaries
We analyze a synchronous DS-CDMA system with pro-
cessing gain
￿
where
￿ users are sharing the available band-
width resource. Let the vector of match-ﬁltered signal be de-
noted by y and the respective channel model S
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is the symbol period. If no power control is used we will
assume that all the users transmit with the same power i.e.
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￿ due to the ﬂat fad-
ing. The channel gains are arranged in the diagonal matrix
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￿ matrixofsequencesassigned to
￿ users of the system and n is the additive Gaus-
sian noise vector with covariance matrix
-
￿ I.
For the analysis of the decision feedback receivers in situa-
tions with imperfect channel state information we will use the
same model already employed in [14] and [10]. The channel
gain can be separated in two components i.e.
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signal power that can be attributed to the estimation error is
equal to
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. It was shown in [10] that the usage of linear
estimators of channel gains ensures that the error estimation
powers are equal i.e.
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For the sake of analysis of the ﬂat fading channels we will
introduce the following notation. Let
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the fadingchannelgains with E
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In this paper all the results on spectral efﬁciency of conven-
tionaldecisionfeedbackreceiverarefortherandomsignatures
case with number of users and the processing gain of CDMA
system increasing without bounds, while maintaining the sys-
tem load
%
￿
￿
& constant.
We will build our exposition upon previously derived aver-
age channel capacity results of CDFR for different user rates
and same powers derived in [5]
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All our subsequent results will also be of asymptotical nature
￿
￿
￿
F
%
￿
H
G
J
I
￿ and the limit sign will be dropped for the
brevity of notation.
II. PERFECT CHANNEL STATE INFORMATION
For the case of linear multiuser detectors, the single user
channel capacity can be derived as [11], [2]
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where the effective signal to interferenceratio SIR of that user
can be calculated using the multiuser efﬁciency
R of that user
with channel gain
* as SIR
￿
&
* SNR
R . The multiuser efﬁ-
ciency is equal to the output SNR divided by the signal-to-
noise at the output of the a single-user matched ﬁlter in the
absence of multiaccess interference. The previous equation
follows from the asymptotic normality of the multiuser inter-
ference of random sequences for linear receivers like conven-
tional and MMSE receiver.
For conventional receivers the multiuser efﬁciency can be
calculated as [2]
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Now, the spectral efﬁciency
V of certain system can be cal-
culated as
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is average channel capacity of
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￿ units since we assumed unit bandwidth for the
propagation of multiple access signal.
A. Decision Feedback Without Power Ordering
If there is no ordering of the estimated powers prior to the
successive cancellation,the expectationin (3)is equal to unity
after arbitrary number of cancellations since the remaining
users retainthe same powerdistribution. Theaveragecapacity
in fading channels is thus obtained by averaging the expres-
sion (1) with respect to the channel gain
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Using Jensen’s inequality and the concavity of the expression
under the expectation operator in the previous equation, it can
be concluded that in this case the average capacity is always
less or equal to the spectral efﬁciency in the unfaded case (1).
The equality is attained only if there is no fading in the chan-
nel.
B. Decision Feedback With Power Ordering
When power ordering is used, the user powers are ﬁrst esti-
mated and ordered in non-increasing order i.e. from strongest
to weakest and the successive interference cancellation is per-
formed in that order. In terms of the derivation of the spectral
efﬁciency, this case can be regarded as a deterministic case
since we can know exactly the power of the user that is cur-
rently beingdetected. Therefore,the averagechannelcapacity
can be written as
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Having in mind that the distribution of the channel gains is
changing in each step of the cancellation, the multiuser efﬁ-
ciency
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(7)Now theaveragechannelcapacityofCDFR with powerorder-
ing, after the change of variables
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The equation in (8) obtained after another change of variables
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In the case of Rayleigh fading this expression simpliﬁes to
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The comparison of spectral efﬁciencies of CDFR in Raylegh
ﬂat fading channels is given in Figure 1.
Itisappropriateheretostatetheproblemofﬁndingthemost
favorable fading distribution that maximizes the spectral efﬁ-
ciency of the conventionaldecision feedback receiver. Substi-
tuting
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fading distribution which maximizes the spectral efﬁciency
is transformed to the standard problem of calculus of varia-
tions. The boundary conditions for this problem are
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Substituting the previous objective function into Euler’s nec-
essary conditions that produce extremal points for problems
of calculus of variations, we can get the differential equation
with the following solution
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In the case of most favorable fading distribution the average
channel capacity equals to
2
f
3
6
5
8
7
:
9
<
;
￿
h
%
￿ SNR
a
￿
5
.
￿
!
 
M
￿
"
￿
￿
’
+
@
#
A
￿
￿
￿
￿
￿
’
￿
￿
￿
￿
￿
% SNR
￿
%
￿
￿
(13)
and the
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? can be explicitly calculated. The comparison
of the optimal fading distribution and Rayleigh fading distri-
bution is given in Fig. 2.
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Decision Feedback Receiver Spectral efficiency in Terms of Load  a for Eb/No= 10dB.
Fig. 1. Comparison of the spectral efﬁciencies of conventional decision
feedback receivers (CDFR) in terms of load
2 . The following curves are
displayed in this ﬁgure: CDFR in non-fading channel - solid line, CDFR with
no power ordering in Rayleigh fading channel - solid line with
3 sign, CDFR
with power ordering in Rayleigh fading channel - dashed line, CDFR with the
most favorable fading - solid line with
4 sign.
C. Power Control
In situations where perfect feedback of the channel es-
timates from the receiver to transmitter is possible, power
control is usually introduced at the transmitter to boost the
performance of transmission in fading channels. We denote
the power control law which depends on the perfectly esti-
mated channel gain
* with
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SNR. Optimal power control law for decision feedback re-
ceiver with power orderingcan again be obtained by using the
calculus of variations. However, in this case it leads to analyt-
ically intractable differential equation for both general fading0 0.5 1 1.5 2 2.5 3
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Fig. 2. Comparison of the probability density functions of the Rayleigh fad-
ing (dashed line) and the most favorable fading pdf (solid line) that maximizes
the spectral efﬁciency of the CDFR with power ordering for SNR
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distribution and for Rayleigh fading distribution. We can note
that the power control law depends on the fading distribution
(unlike the power control law for optimal receiver and linear
receivers) which is not very convenient for practical imple-
mentations. We will here only discuss the commonly used
power control laws i.e. the power equalization and truncated
power equalization. It will be shown that these techniques
even decrease the spectral efﬁciency of decision feedback re-
ceiver with power ordering. The truncated power equalization
law for the threshold
￿ is given by
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In particular, for Rayleigh fading
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power equalization on the spectral efﬁciency of CDFR are
summarized in Fig. 3.
III. IMPERFECT CHANNEL STATE INFORMATION
The issue of the inﬂuence of imperfect estimates of the re-
ceived user powers on the performance of large system linear
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Fig. 3. The inﬂuence of truncated power equalization on the spectral efﬁ-
ciency of CDFR with power ordering for various thresholds
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it can be seen that spectral efﬁ-
ciency converges to zero for small values of
￿ i.e. when we use perfect power
equalization. For reference, spectral efﬁciency of CDFR with power ordering
(solid line with circles) and without power ordering (solid line) are presented
in the same ﬁgure.
detectors was analyzed in [10]. In our model, outlined in Sec-
tion I, the imperfect channel state information is equivalent
to
￿
*
)
￿
￿ i.e. the cancellation is not perfect and the residual
interference remains after cancellation.
For subsequent derivation, the spectral efﬁciency and mul-
tiuser efﬁciency still formally retain the forms of (2) and (3)
but the effectivesignal to interferenceratioSIR is given(mod-
iﬁed according to the notation of this paper) by [10]
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A. Decision Feedback Without Power Ordering
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where we have used the fact that the average residual power
due to the imperfect cancellation of a certain user is equal to
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imperfect CSI can be given by
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where
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￿ is given by (19).B. Decision Feedback With Power Ordering
Following the same ideas we have used in derivations in
Section II.B the multiuser efﬁciency after
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and the average user capacity is given by
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ComparisonofspectralefﬁcienciesofCDFR withandwith-
out power ordering in channels with imperfect CSI is given in
Fig.4.
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Fig. 4. Inﬂuence of the imperfect CSI on spectral efﬁciency of CDFR with
and without power ordering for several values of
￿ . To differentiate DF re-
ceivers all CDFR with power ordering are presented with lines with
4 signs.
Results for both methods for various values of
￿ are presented with dashed
lines. In case of
￿
￿
￿
results for both methods coincide.
IV. CONCLUSIONS
Spectral efﬁciencies of the CDFR in ﬂat-fading channels
with perfect and imperfect CSI were evaluated for the large
system model. It was shown that ordering of the user powers
prior to the cancellation can signiﬁcantly increase the spec-
tral efﬁciency of this system and even exceed that of the non-
fading channels. Furthermore, it was shown that truncated
power equalization is not adequate method for power control
forCDFRs and thatit canevendecreasethe spectralefﬁciency
of the system.
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